2000 Graduation and statistical tests Subject 104
UNIT 8 — GRADUATION AND STATISTICAL TESTS
Syllabus objectives  (vii) Describe how to test crude estimates for consistency with a
standard table or a set of graduated estimates, and describe
the process of graduation.
I. Describe the following statistical tests of crude
estimates, for comparison with a standard table:
* chi-square test
* standardised deviations test
* sign test
* cumulative deviation test
* grouping of signs test
* serial correlations test
For each test describe:
* the formulation of the hypothesis
* the test statistic
* the distribution of the test statistic using
approximations where appropriate
* the application of the test statistic
2. Describe the reasons for graduating crude estimates of
transition intensities or probabilities, and state the
desirable properties of a set of graduated estimates.
3. Describe a test for smoothness of a set of graduated
estimates.
1 Introduction
1.1

In previous Units we have introduced models for mortality over a single year of age, x to

x+1. In practice, an investigation will include a considerable range of ages; for example a
national life table will include al] ages from 0 to over 100,
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e data for all ages from the lowest, denoted x|, tO the highest,

1.2 We now suppose that we hav

x,,, depending on the investigation.

(a) If weareusing the Poisson or multiple-state model, we have:

Deaths d,

Exposed-to-risk kS X = Xy Xga eees X

Crude estimates T

and we will use the approximate asymptotic distribution

HX“"}"}

ﬁx+’x‘3 = Nomal[pxFA 3_??—1
E,

or D~ Normal(Eﬁule,EipH%)

(b) Ifweare using the Binomial model, we have

Deaths d,

Exposed-to-risk E,zE;+'d, X = X5 Xgy ees Xim

Crude estimates Gx

and we will use the approximation

Gx ~ Binomial [Ms‘h}
EI

or D, ~ Binomial (E,4y)

and the further approximation

1—
G ~N0rmal[qx b 9:(1~4x) q"))
EI

or D,~ Normal(E g, E.q, (1 = q,))-
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Comparison with another experience

Given the data above, we often want to know if it is consistent with another, known
experience. For example, if it is the recent experience of the policyholders of a life
insurance company, we might ask: .

(@)

(b)

[s it consistent with the company’s own past experience, or is the experience
changing? This could be important for pricing life insurance contracts.

Is it consistent with the published life tables? This is important if the company
plans to use published tables for any financial calculations.

Published life tables based on large amounts of data are called standard tables. The main
examples are:

(2)

(b)

National life tables, based on the census data and death registration data of a whole
country. In the UK, these are published every 10 years; the largest are the English
Life Tables (actually based on the population of England and Wales).

Tables based on data from life insurance companies. In the UK, most life insurance
companies contribute data to the Continuous Mortality Investigation Bureau
(CMIB) which publishes extensive tables for different types of business from time
to time.

The latest were based on 1979-82 data, and are known as the “80 series” tables.
Most life insurance companies use tiiese standard tables very extensively, so it is
important that they check whether or not their own mortality experience is
consistent with that of the tables.

We introduce the following notation. The superscript “s” will denote a quantity from a

published standard table; for example, g, or pi,,.

In rough terms, the question is whether our estimates §, or f1,,,, are consistent with the

given g; or uy,, . We will formulate this more precisely, in a way that allows us to
derive statistical tests.

We have:

(a)
(b)
(c)

the probabilistic model (multiple-state, Poisson or Binomial)
the data (Section 1.2); and
a standard table.

The hypothesis that we wish to test is that the standard table quantities {g{ } or { 3., }
are the “true” parameters of the model at each age x.

x+%
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2.6

2.7

3.1

3.2

3.3

We can derive tests of this hypothesis using the distributional assumptions of Section 1.2:

(a)  (Multiple-state or Poisson): under the hypothesis,
D, ~ Normal( ESus, 5, ESHS )
(approximately);
(b)  (Binomial): under the hypothesis,
D, ~ Normal( £,y , E,q;(1-45))
(approximately).

Hence we can find test statistics comparing the actual deaths d, with the expected deaths
given by these distributions.

We will describe suitable statistical tests in Section 7 onwards. First, however, we must
discuss some general features of mortality experiences, and the extent to which we might
want to adjust the crude estimates so that they reflect these features.

Graduation

The crude estimates {g, } or { iy, } will progress more or less roughly. In large part,

this is because they have each been estimated independently and hence suffer independent
sampling errors.

For several reasons (discussed below) we would prefer to work with q, or pu, which were

smooth functions of age. Therefore, we graduate or smooth the crude estimates, to
produce a set of graduated estimates, that do progress smooth ly with age. We denote

o 0
these {g, } or {p,,, }.
Three questions that we must answer are:

(a)  Why do we want smoothed estimates? We discuss this in Section 4.

(b)  How do we carry out the graduation? (i.e. produce the f;x from the ¢, or the

i,y from the fiysy)- This is the subject of Unit 9.
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(¢)  How do we decide that a given attempt to graduate the crude estimates is
satisfactory? We discuss this in Section S, before resuming our discussion of

statistical tests of a mortality experience, because statistical tests form part of the
answer.

Reasons for graduation

At the bottom of our desire to graduate is the intuitive idea that quantities such as g, or .

should be smooth functions of age. There is some evidence from large investigations to
support this, but it is nevertheless an assumption.

It follows that a crude estimate at any age x (g, or [i,,,,) also carries information about
the values of g, g4} OF Py, Bosyy, etc. For example, if g, is smooth and not changing
too rapidly, then g, should not be too far away from estimating ¢, , and Gre1> as well as
being the “best” estimate, in some sense, of ¢,. By smoothing, we can make use of the
data at adjacent ages to improve the estimate at each age.

Another way of looking at this is that smoothing reduces the sampling errors at each age.

A purely practical reason for smoothing mortality data is that we will use the life table to
compute financial quantities, such as premiums for life insurance contracts. It is very
desirable that such quantities progress smoothly with age, since irregularities (jumps or
other anomalies) are hard to justify in practice.

We could calculate these quantities using our crude mortality rates, and then smooth the
premium rates etc directly, but it is much more convenient to have smoothed mortality
rates to begin with.

We would never, in any case, apply the results of a mortality experience directly to some
financial problem without considering carefully its suitability. This means comparing it
with other relevant experiences and tables, not just in aggregate but over age ranges of
particular financial significance. It is often the case that a mortality experience must be
adjusted in some way before use, in which case there is little point in maintaining the
roughness of the crude estimates.

What graduation cannot do is remove any bias in the data, arising from faulty data
collection or otherwise.
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5.5

Desirable features of a graduation

We list three desirable features of a graduation:

(a)  smoothness;
(b)  adherence to data; and
(¢)  suitability for the purpose to hand.

The reasons for desiring smoothness were discussed above. At one extreme, we could
easily smooth the crude estimates by ignoring the data altogether; we want to avoid such
extremes since we want the graduation to be representative of the experience. We say that
we require adherence to data or goodness of fit.

Smoothness and adherence to data are usually conflicting requirements. Perfect
smoothness (extreme example: a straight line) pays little or no attention to the data, while
perfect adherence to the data means no smoothing at all. The “art” of graduation lies in
finding a satisfactory compromise.

To assist in this task, we have a battery of tests of smoothness and of adherence to data.
We describe the usual test of smoothness in Section 6. The tests of adherence to data have
much in common with the statistical tests of an experience against a standard table, and we
will consider these together in Section 7 onwards. They rely on the assumption that the

“true” parameters of the underlying probability model are the graduated estimates {qo'x }or
{ ﬁﬁ,/] }. That is, for example, we replace the assumption
d, ~ Normal( Exps,v, ,ESps, )

with the assumption

[+] 4]
d, ~ Normal(Egp ., ESp ... )
and then proceed to test the statistical hypothesis (almost) as before.

The suitability of a graduation for practical work depends very much on what that work is,

and can only be assessed in particular cases. However, two very important observations
are:

(a) In life insurance work, losses result from premature deaths (benefits are paid sooner
than expected) so we must not underestimate mortality.

(b)  In pensions or annuity work, losses result from delayed deaths (benefits are paid for
longer than expected) so we must not overestimate mortality.
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6 Testing the smoothness of a graduation
6.1 Mathematical smoothness is usually defined in terms of differentiability, but this is of little
use in graduation work because many functions which misbehave wildly between integer
ages are nevertheless differentiable many times. Instead, we seek a more rough-and-ready
measure of smoothness having regard to the scale with which we work (usually the year of
age).
6.2 The criterion of smoothness usually used is that the third differences of the graduated
quantities {;}x }or {ﬁﬂ.ﬁ} should:
(@)  be small in magnitude compared with the quantities themselves; and
(b)  should progress regularly.
How to judge if this criterion is met takes some practice. However, since most methods of
graduation now in use automatically give smooth results, this is not of great importance.
Of the three methods discussed in Unit 9, only the graphical method presents difficulties
in achieving smoothness.
7 Statistical test of a mortality experience
7.1 Here we describe some statistical tests based on the hypothesis that:
(@)  the numbers of deaths at different ages are independent; and
(b) D, ~ Normal(E{us,,, sEZput) (Poisson)
D, ~ Binomial(£,,q}) (Binomial)
in the case that we are comparing the experience with a standard table; or
(©) D, ~ Normal(Ep,,, ,ESq,,,) (Poisson)
D, ~ Binomial(E,,q) (Binomial)
in the case that we are testing the adherence to data of a graduation.
© Faculty and Institute of Actuaries Unit 8, Page 7
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7.2 Many of the tests that we will describe can be based on the standardised deviations, which
we now define.

(@) Inthe Poisson or multiple-state models, the deviation, at age x is defined to be

Actual deaths — Expected deaths

l

dx - E.‘r:}‘l;-i'-'/z or dx - E;ux#/;

and the standardised deviation, denoted z_ is

dx = E;“iﬁfz dx - E.: Hyi

1
Zy or 4
c.5 o
\iExp'xPz’z 1hf;; Hosr,

(b)  In the Binomial model, the deviation at age x is likewise defined to be

Actual deaths - Expected deaths
= d, - Eq or d, - E.q,

and the standardised deviation, denoted z, is

d; -~ E.q; di ~E.q,
E.q:(1-43) JE G .(1-8.)

Under the assumption that there is a sufficient number of (independent) lives at each age
X, we can replace all our hypotheses, under all our models, with the following, by virtue of
the Central Limit Theorem:

(@) z, ~ Normal(0, 1)  JES T PRI

m

(b)  Thez’s at different ages are mutually independent.

7.3 The first test we describe is the x’~test. Unfortunately, this is the one test where we must

pay attention to whether we are comparing an experience with a standard table, or testing
the adherence to data of a graduation.

[n cither case, the test statistic is the same.
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Let

= 2
X = Xz=.
allages
X

X is called the y’—statistic.

(a)  If we are comparing an experience with a standard table, then X can be assumed to
have a % distribution with degrees of freedom. (m is Just the number of age
groups in our notation.) Large values of X indicate excessive deviations, so we will
test X against the upper 5% percentage point of the )’j, distribution, and say that the
test fails if X > y2.4.

(b)  If we are testing the adherence to data of a graduation, X can be assumed to have a

x> distribution, but with fewer than m degrees of freedom. How many fewer
depends on the method of graduation, so we defer further com ment to Unit 9.

The y*~test will fail to detect several defects that could be of considerable financial

importance. (These comments apply particularly when we are testing a graduation, and
for ease of exposition we will write as if that were the case.) '

(a)  There could be a few large deviations offset by a lot of very small deviations. In
other words, the %2 —test could be satisfied although the data do not satisfy the

distributional assumptions that underlie it. This is, in essence, because the —
statistic summarises a lot of information in a single figure.

(b)  The graduation might be biased above or below the data (see Section 5.5). Since
the y2—statistic is based on squared deviations, it will miss this.

(¢)  Even if the graduation is not biased as a whole, there could be significant groups of

consecutive ages (called runs or clumps) over which it is biased up or down. This
is still to be avoided.

Accordingly, we devise tests that will detect these defects (at least, will do so better than
does the xz—test).

To look for defect 7.4(a), we can use the standardised deviations test. Observe that (by
hypothesis) the z_’s comprise m independent samples from a Normal(0, 1) distribution:
this test just tests for that normality.

Unit 8, Page 9
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Divide the real line into any convenient intervals (the more age groups, the more intervals
it might be reasonable to use). For example:

| | | | | |
I I I | I
-3 =2 -1 0 1 2 3

(where the intervals at either end are (—o0, —3] and [+3, +0)). We can then com pare
(a)  the observed number of the z_ that fall in each interval; and
(b)  the expected number of the z, that should fall in each interval, under the hypothesis.

In the example below, the expected numbers are:

Interval Expected Number
(—o0, =3) 0
(-3, -2) 0.02 m
(-2,-1) 0.14 m
(-1,0) 034 m
0, 1) 0.34 m
(1,2) 0.14 m
(2,3) 0.02 m
(3, ) 0

To formalise the comparison, we can form a y’—statistic (nothing to do with the use of the
¥*~test mentioned previously):

» 2
X = b3 (Actual — Expected)

all Expected
intervals

which should have a y’~distribution with 7 degrees of freedom (since we have used 8
intervals).

If there are few expected deaths, we should use a smaller number of intervals, ensuring
that the expected number of observations in each category is not less than five (as a rule of

thumb), and we then reduce the number of degrees of freedom in the y*—test
appropriately.

A simple test for defect 7.4(b) — overall bias — is the signs test. Define the test statistic

P = Number of z, that are positive.

Unit 8, Page 10 © Faculty and Institute of Actuaries
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Under the hypothesis, P ~ Binomial(m, '4). An excess of either negative or positive
deviations is a defect, so we apply a two-tailed test. We cannot do so exactly, since the
Binomial distribution is discrete. We could find k*, defined as the smallest value k for
which

k l m *
¥ [’f’)_ >0.025
a2
and then say that the test is satisfied (at the 5% level) if k* <P <m —k*. Or, (perhaps
more satisfactorily) we could just find the p-value corresponding to P. If the number of
age groups is large, we can use the approximation
P~ Normal(%. m, Y m).
7.7 The cumulative deviations test detects overall bias or long runs of deviations of the same
sign. Consider the hypothesis,
d, ~ Normal(E;p,,,, Eip,..,.)
(taking the multiple-state model as an example). Here, the deviation has (approximate)
distribution:
c 0 c 0
do— Exp,,, ~ Normal(0, ES By )
So the accumulated deviation, over the whole age range, has distribution:
% (@ = Efflgyy) ~ Nomnal(0, RS )
[
aics ages
and, upon standardising,
%(dx = E3bin)
a
L ~  Normal(0, 1).
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This can be tested in the usual way, using

deviations are of concern. As well as applying this test to the whole age range, we can
apply it to parts of the age range of possible financial significance, provided we choose
which sub-ranges to test without reference to the data. A word of warning: many methods

of graduation result in a cumulative deviation of zero as part of the fitting process, in
which case this test cannot be applied.

The grouping of signs test (also called Stevens’ test) detects “clumping” of deviations of
the same sign. It relies on some simple combinatorics. Define the test statistic:

G = Number of groups of positive Z.S,
Also, suppose that of the m deviations, ny are positive and #, are negative.
The hypothesis is that the given n| positive deviations and n, negative deviations are in

random order. We, therefore, compute the probability that the number of positive groups
should be at least G given n| and n,. Lett < G. :

a There are ] I ways to arrange f positive groups among » negative signs.
! y g P B p g 2 g g
b T'here are n -1 ways to arrange »n, positive siens into rpositive roups.
t—1 Y g | p g g p

m ni ; .
(c)  There are (n J ways to arrange »,; positive and n, negative signs.
1

Hence, the probability of exactly 7 positive groups is

= @n)
(%)

Since every pair of positive groups must be separated by a negative group, the numbers of
positive and negative groups will be small or large alike, so a one-tailed test is appropriate.
We should find k*, defined as the smallest & such that

()
“

> 0.05
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and say that the test has been failed (at the 5% level) if G < k*. However, if m is large
enough (> 20 or so), we can use a Normal approximation as follows:

G ~ Normal m(m+l)  (mm)’ _
ny+ny ,(n|+n2)3

7.9 A final test, detecting grouping of signs of deviations, is the serial correlations test.
Under the hypothesis, the two sequences (of length m — 1)
213225235+ 2% Eme)
23323,245 - 58 s Zm
should be uncorrelated. So should the sequences (of length 71 — 2):
Zl ,22 ,ZJ 3 CeraE ,Zm_3 ,Zm_2
Z3324,Z55 cov 5 Zp 138y,
We call these the lagged sequences, with lag | and lag 2 respectively, and we define
sequences with longer lags in the obvious way.
The correlation coefficient of the j’th lagged sequences is:
m=j
=(1 =2
2 (z -z ))(zh'-j -£?)
- i=1
4 m—j m=j
\/ Y (5 -2"Y S (g p~2H)?
i=1 i=l
where
| m=j
M= - Y.z
m-—j =i
and
—2 1 =g
m-—j i=|
If m is large enough, we can approximate z(") and z*) by
.
Z=— 3z,
m j=|
© Faculty and Institute of Actuaries Unit 8, Page 13
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and simplify the above, to obtain:

m— _ N
_Z](Z,- —2)(ziy; — 2)
S
?J' - ‘,”_j m 2
- Z(z; -_‘)
m i

It is known thatr ~ Normal(0, 1/m), under the hypothesis. Hence, T Jm

against the Normal(O 1) distribution.
of the same sign to cluster.
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can be tested

Too high a value indicates a tendency for deviations
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