2000 The evaluation of assurances and annuities Subject 104

UNIT 11 — THE EVALUATION OF ASSURANCES
AND ANNUITIES

Syllabus objectives  (viii) Define simple assurance and annuity contracts, and develop
formulae for the means and variances of the present values

of the payments under these contracts, assuming constant
deterministic interest.

1. Define the following terms:

Whole life assurance
Term assurance

Pure endowment assurance
Endowment assurance
Whole life level annuity
Temporary level annuity
Deferred level annuity

e  Premium

Benefit

H H B N
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3. Obtain expressions in the form of sums for the mean
and variance of the present value of benefit payments
under each contract above, in terms of the curtate
random future lifetime, assuming that death benefits are
payable at the end of the year of death and that
annuities are paid annually in advance or in arrears,
and, where appropriate, simplify these expressions into
a form suitable for evaluation by table look-up or other
means.

H "

Obtain expressions in the form of integrals for the mean
and variance of the present value of benefit payments
under each contract above, in terms of the random
future lifetime, assuming that death benefits are payable
at the moment of death and that annuities are paid
continuously, and, where appropriate, simplify these
expressions into a form suitable for evaluation by table
look-up or other means.

H H E N
N
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5. Define the symbols 4., Az, Alﬂ , AI:"I s Gy Ay

| @x » and their continuous equivalents.

< 6. Derive the relations 4, = | — di, A =1- dd,;, and

xonl s

their continuous equivalents.
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7. Derive relations between level annual annuities payable

in advance and in arrears, and between level temporary,
deferred and whole life annuities.

8. Define the expected accumulation of the benefits in I
and obtain expressions for them corresponding to the
expected present values in 3. and 4. (note: expected
values only).

(ix)  Compute expected present values and variances of simple
benefits by table look-up or by using life tables.

3. Express the expected values and variances in objective
(viii) 3. in terms of the functions in 1.

4. Evaluate the expected values and variances in objective
(viii) 3. by table look-up, where appropriate, including
the use of the relationships in objectives (viii) 6. and 7.

5. Define commutation functions D,,N,,C,and M, and
evaluate the expected values and variances in objective

(viii) 3. using them. l

6.  Derive approximations for, and hence evaluate, the
expected values and variances in objective (viii) 4. in .

terms of those in objective (viii) 3.

7. Evaluate the expected accumulations in objective l
(viii) 8. f

1 Life insurance contracts [ .

1.1 Life insurance contracts (also called policies) are made between a life insurance company
P
(or life office) and one or more persons called the policyholders.

The policyholder(s) will agree to pay an amount or a series of amounts to the life
insurance company, called premiums, and in return the life insurance company agrees to
pay an amount or amounts called the benefit(s), to the policyholder(s) on the occurrence
of a specified event. In this Subject we only consider contracts with a single policyholder.
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1.2

1.3

1.4

1.5

1.6

The evaluation of assurances and annuities Subject 104

The benefits payable under simple life insurance contracts are of two main types.

(a) The benefit may be payable on or following the death of the policyholder. Such
contracts are called assurance contracts.

(b) The benefit(s) may be payable provided the life survives for a given term.

An example of the second type of contract is an annuity, under which amounts are
payable at regular intervals as long as the policyholder is still alive.

Much of actuarial work is concerned with finding a fair price for a life insurance contract.
In such calculations we must consider

(a) the time value of money, and

(b) the uncertainty attached to payments to be made in the future, depending on the death
or survival of a given life.

Therefore this Subject requires us to bring together the mathematics of finance, in
particular compound interest, and the mathematics of survival models.

In this Subject we will usually assume that money can be invested or borrowed at some
given rate of interest. We will always assume that the rate of interest is known, that is,
deterministic. The mathematics of finance includes several useful stochastic models of the
behaviour of interest rates, but we will not use them. We will not always assume that the
rate of interest is constant, however. When the rate of interest is constant, we denote the
effective compound rate of interest per annum by i and define v= (1 + i)', and we will
use these without further comment.

Whole of life assurance contracts

We begin by looking at the simplest assurance contract, the whole of life assurance. The
benefit under such a contract is an amount, called the sum assured, which will be paid on
the policyholder's death. For the moment we ignore the premiums which the policyholder
might pay.

We will use this simple contract to introduce important concepts, in particular the
expected present value or EPV of a payment contingent on an uncertain future event. We
will then apply these concepts to other types of life insurance contracts.

In mathematics of finance, the present value at time 0 of a payment of 1 to be made at time
tis v'. Suppose, however, that the time of payment is not certain but is a random variable,

say K. Then the present value of the payment is v, which is also a random variable. A
whole of life benefit is a payment of this type.
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1.7

1.8

1.9
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For the moment we will introduce two conventions, which can be relaxed later on.

Convention 1 We suppose that we are considering a benefit payable to a life who is
currently aged x, where x is an integer.

Convention 2 We suppose that the sum assured is payable, not on death, but at the
end of the year of death.

These will not always hold in practice, of course, but they simplify the application of life
table functions.

Under these conventions we see that the whole of life sum assured will be paid at time

+1
x ’a

K, + 1. Let the sum assured be S, then the present value of the benefit is sk

random variable. Obvious questions are, what are the expected value and the variance of
SVK!‘G-I ?

Recall that the distribution of K, is known in terms of life table functions:

P[KX = k] = kp,\‘ qﬁk:k:qx (k: 1" 21 "')

Therefore

vjﬂ—l ki

0

I8

Epvt!y = s v%* pgun =
k=0 k

E[vK”J'i ] is the expected present value or EPV of a sum assured of £1, payable at the end

of the year of death. Such functions play a central réle in life insurance mathematics and are
included in the standard actuarial notation. We define

= EpRtl) = 3 kL g
k=0

A

x

@ w-x-1
[Note that, for brevity, we have written the sum as £ instead of ¥ . This should
k=0 k=0

cause no confusion, since , p, =0 fork> o - x.]

If the sum assured is S, then the EPV of the benefit is . 4,. Values of A, at various rates

of interest are tabulated in (for example) the A1967-70 tables, which can be found in
“Formulae and Tables for Actuarial Examinations”.

Unit 11, Page 4 © Faculty and Institute of Actuaries

Il B B I B I = I BN =

-

—a



2000

1.10

1.11

1.12
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+1

Turning now to the variance of v¥+*! we have

o

Var[vKrH] =

1

k_o(vk-!-l)z k:qx _ (Ax)z

But since (V)2 = (V)1 the first term is just 2AI where the “2” prefix denotes an EPV

calculated at a rate of interest (1 + /)> — 1.

So provided we can calculate EPVs at any rates of interest, it is easy to find the variance
of a whole of life benefit.

Note that Var[SvX:*1] = §2 var[yKs*1].
Example 1

Find 4,y . (A67-70 at 6%)
Solution

0.15807
Term assurance contracts

A term assurance contract is a contract to pay a sum assured on or after death, provided
death occurs during a specified period, called the term of the contract.

Consider such a contract, which is to pay a sum assured at the end of the year of death of a
life aged x, provided this occurs during the next n years. We assume that # is an integer.

Let F denote the present value of this payment. F is a random variable.

E[F]

Il
4
=

L

X

Ky TOX, p.

n—1

z vJHI kidy
k=0

In actuarial notation, we define

n-1
Ag = EIFl =3 Mg,
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1.13

Along the same lines as for the whole of life assurance,

VarF] = %' - (4’

where the “2” prefix means that the EPV is calculated at rate of interest (1 +7)% — 1.

1.14 Pure endowment assurance contracts
A pure endowment assurance contract provides a sum assured at the end of a fixed term,
provided the policyholder is then alive.
Consider a pure endowment contract to pay a sum assured of 1 after years, provided a
life aged x is still alive. We assume that # is an integer.
1.15 Let G denote the present value of the payment.
E[G] = vﬂ npx ot 0 X .!I'Qx‘
In actuarial notation, we define
1 s =
Axﬂ = E[G]=V" ,p,
to be the EPV of a pure endowment benefit of 1, payable after n years to a life aged x.
1.16 Following the same lines as before,
= 2, 1 172
Var[G] = Aﬂ—rl - (Ax;ﬂ)
where the “2” prefix denotes an EPV calculated at a rate of interest of (1+i)%—1.
117 Endowment assurance contracts
An endowment assurance is a combination of (i) a term assurance and (ii) a pure
endowment assurance. That is, a sum assured is payable either on death during the term
or on survival to the end of the term. The sums assured payable on death or survival need
not be the same, although they often are.
Consider an endowment assurance contract to pay a sum assured of 1 to a life now aged x
at the end of the year of death, if death occurs during the next n years, or after n years if
the life is then alive. We suppose that » is an integer.
Unit 11, Page 6 © Faculty and Institute of Actuaries
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1.19

1.20
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Let H be the present value of this payment. In terms of the present values already defined,
H =F + G. Therefore

E[H] E[F] + E[G]

-l k+1 "
= kzﬂv klffx+v nPx

n-2
- t+1 "
= kzﬂ ‘} ki9x +t n-1Px

The last expression holds because payment at time » is certain if the life survives to age
x+n~—1. In actuarial notation we define

A = EH]
E[F] +E[G]

1 1
Ax:E| 3t Ax:ﬂ v

Note that F and G are not independent random variables (one must be zero and the other
non-zero).

Therefore Var[H] # Var[F] + Var[G]. We must find Var[H] from first principles. As
before, we find that

Var[H] = 2Axﬂ—(/;xﬂ)2

where the “2” prefix denotes an EPV calculated at rate of interest (1 + i)> — 1.

Life annuity contracts

A life annuity contract provides payments of amounts, which might be level or variable,
at stated times, provided a life is still then alive.

Here we consider three varieties of life annuity contract.

(1)  Annuities under which payments are made for the whole of life.

(2) Annuities under which payments are made only during a limited term.
(3) Annuities under which the start of payment is deferred for a given term.

Further, we consider the possibilities that payments are made in advance or in arrears.
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1.21

1.22

1.23

Unit 11, Page 8

FFor the moment we only consider contracts under which level payments are made at
yearly intervals, to a life who is now aged x,

Whole of life immediate annuity

An immediate annuity is one under which payments are made in arrears. Consider an

annuity contract to pay 1 at the end of each future year, provided a life now aged x is then
alive.

If the life dies between ages x + kand x + k + 1 (k=0, ... —x~—1)which is to say,
K, = £, the present value at time 0 of the annuity payments which are made is ag- (We

define ag = 0.) Therefore the present value at time 0 of the annuity payments is am ;

Since we know the distribution of K, we can compute moments of a

K-

In actuarial notation, the EPV of a@ is defined to be a,. So

= E[am] = ;anﬂ k|9

We can write this in a form which is easier to calculate

[} 0 k ;
a = o i@y = |z )
S :Eu 7 ki A':O[j:l } 4|9+

B z[ > kﬂ;) v
J=0\ k=j+l

= Z PV
J=0

= Z jpx v;

j=1

We will defer discussion of Var[am] until later.

Whole of life annuity-due

An annuity-due is one under which payments are made in advance. Consider an annuity
contract to pay | at the start of each future year, provided a life now aged x is then alive.
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By similar reasoning to that above, we see that the present value of these payments is
am . In actuarial notation we denote E[am] by a., .

1.24 We can again write down &, in a form which is simple to calculate.
a, = E[aKr-l-l] - k%ﬂ Jgﬂv kil
= % ( 2 .~’c|QXJv
j=0\k=j
= z jval
Jj=0
1.25 Temporary immediate annuity

A temporary immediate annuity (sometimes called a term immediate annuity) differs
from a whole of life immediate annuity in that the payments are limited to a specified ,
term. ‘

Consider a temporary immediate annuity contract to pay 1 at the end of each of the next »
years, provided a life now aged x is then alive.

1.26 The present value of this benefit is AR, - [P actuarial notation, E[am] is

denoted a_—. To calculate @ —, we use the following:
x7l] xi]

n=1

aa = E ININTR 7] I = Ela’*-'l Kdx + 5 wPx

n=1{ k-1 4l n-1 i+l
= ZLZvY e+ TV D,
k=1\_j=0 j=0

Note that ,p, = g, + ,11:G, + ..., 5O

n-1

n
— J+ '
9em = 2 juPxV = Z jo v

j=0 =1
1.27 Temporary annuity-due

A temporary annuity-due differs from a whole of life annuity-due in that payments are
limited to a specified term.
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Consider a temporary annuity-due contract to pay | at the start of each of the next years,
provided a life now aged x is then alive.

1.28 The present value of the benefit is iR 0 actuarial notation, E[d

MIN[K, +1,n] ]lS

denoted .c':'x_;l . Then

n-1

('I'Iﬂ = E[Ejm] = Eﬂdm k|9x +ﬁ’7| nPx

: K=

n=1{ n-1 3
= 2 {dxtnPx [V
j‘:ﬂ =f

n-1 §
- Z _,r‘va

J=0
Similarly for a,;» a temporary immediate annuity.

1.29 Comments

We have introduced the basic functions of life insurance mathematics - EPVs of simple
assurance and annuity contracts. The next step is to explore useful relationships among

these EPVs, and then we can apply the same ideas to other types of life insurance
contracts.

1.30 Certain of the EPVs we have defined above are tabulated for integer ages and durations,
and a range of interest rates, based upon the more widely-used mortality tables. We will
not be more specific here, since practice varies from place to place and from time to time,
but an example is the A1967-70 table, extracts from which can be found in “Formulae and
Tables for Actuarial Examinations”.

More recently, given the availability of computers, practice has shifted towards less
extensive tabulation of EPVs. The last major revision of life insurance life tables in the
UK, based upon the 1979-82 experience, was accompanied by a “Standard Tables
Program” to calculate such functions at need.
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Example 2
Find (i) s (A67-70 at 4%)
(i)  ays (a(55) (Males) at 6%) .
Solution
(i) 21.061
(i) 5.621
1.31 The formulac we have derived for EPVs can be interpreted in a simple way which is often
useful in practice. Consider, for example
Ax = ) vkﬂ ki9x or ﬁx = X vk kPx
k=0 k=0
Each term of these sums can be interpreted as
An amount payable at time &
X the probability that a payment will be made at time &
X a discount factor for & years.
The first term in each case is just 1, but it should be easy to see that this interpretation can
be applied to any benefit, level or not, payable on death or survival. This makes it easy to
write down formulae for EPVs. For example, consider a life annuity-due, under which an
amount & will be payable at the start of the & year provided a life aged x is then alive (an
increasing annuity-due). With this interpretation of EPVs, we can write down the EPV of
this benefit (which is denoted (Ia),).
(i), = 3 (k+ 1)V p,.
k=0
Increasing benefits will be covered in Subject 105.
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2 Relationships among EPVs of simple life insurance benefits
2.1 The following relationships are easy to prove.
a, = 1 +a, .
dx:;] 1+ a_‘r_'a
a. = VP Gy
A = Wilean
Example 3
Find dg; (a(55) (Females) at 8%)
Solution

dgs =1+ ags =9.378

2.2 There is a simple and very useful relationship between the EPVs of certain assurance
contracts and the EPVs of annuities due.

. i 1 — Kot
a, = E[am] = E =3
_I=E[K)

d

_ o 1-4,

d
Hence A, = 1-da,
2.3 Along similar lines, we find that
Ax:a = I ko dﬁxa

and as we shall see, similar relationships hold for all of the whole of life and endowment
contracts which we consider.
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2.4 These relationships provide the easiest approach to finding the variances of the present
values of annuity benefits. We use a whole of life annuity due as an example.
1 — 1')Kr-n-l
I K
= d—ZVar[v 4
I
= 5 (A=)
where the “2” superscript denotes an assurance function calculated at a rate of interest of
(1+0)2=1.
Similarly, for a temporary annuity-due
Var[i 1= (a4
MIN[K, +1n]| d? xn| x|
2.5 For an immediate life annuity, we obtain
Var[aK—rl] = Var[éi{?ﬁj =1] = Var{ﬁm]
= o ()
dz x x
and for a temporary immediate annuity we have
Var[aM;N[K,,n]]] - Var[aMlN[K,H,nH]I =1]
- Varldgmm ]
= U (A )
dz I:Fﬂ x:m
It is an excellent test of understanding to see why this last result is correct and
Vol 2 2
= . = = x s
Varlagrr) = Varlwx aMIN[Knli-l,n“] ! (A g~ ymy))
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is not correct, although

E[GMIN{R_,,H]] I "'p-réxn;?a[ = E[lp-"aMIN{K“,H,n”]

is correct.
3 Deferred annuities and assurances
3.1 Deferred annuities are annuities under which payment does not begin immediately but is

deferred for one or more years.

3:2 Consider, for example, an immediate annuity of 1 per annum payable to a life now aged x,
deferred for n years. Payment will be at agesx +n+1,x+n+2 ... provided that the life
survives to these ages, instead of at agesx+1,x-+2, ... To write down the EPV of this

annuity, let X represent the (random) present value of the annuity; then by considering the
distribution of X we have that

EX] =  SO0xPK,=k]+ % Ja
k=0

k=n+1 mp[xx :k]
= ég”ﬂp[KI =k] + GEJP[Kx >n) _éoaﬂP[Kx =kl - a;[P{Kx i

(=]

+ T e PIK, =]

k=n+l1
[=a} h
= P[K, =k] - P[K, =k] - a,P[K_ >n
kgﬂaﬂ [ x ] kgoaf.l [ x ] _,',1 [ x ]
- ez _ax:;r
[n actuarial notation, the EPV of this deferred annuity is denoted n[s SO

n]ax = ax_'ax_-,“,]

Similarly, expressions can be derived for ,,,| Al the present value of a n-year temporary

immediate annuity deferred for m years (assuming survival to that point).
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