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UNIT 1 — OVERVIEW

1 Overview
1.1 Life insurance and related problems

Life insurance contracts are promises, such as:

(a) to pay a lump sum when a specified event occurs, for example on the death of an
insured life; or

(b) to pay an annuity until a specified event occurs, such as the death of an annuitant (or

pensioner).

The cash-flows are therefore of the same kind as those encountered in Subject 102,
namely single payments and annuities. What is different is that the times of payment
depend on human lifetimes, which are not known in advance. A natural approach is to
model these unknown times (lifetimes) as random variables, or more generally to model

the life history of an individual as a stochastic process.

12 Some applications

We illustrate, using simple diagrams, some of the applications we will study.

1.2.1 Life insurance

ALIVE DEAD

Figure 1

In life insurance, a payment is made on the death of an insured life (as in example (a)
above). The essentials of a model for this problem are shown in Figure 1. The boxes
represent the states in which a life can be found, and the arrow indicates that a life in the
alive state can, at some random time, move into the dead state, from which there is no

return.

1.2:2 Disability (lllness) Insurance
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Figure 2
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represented in Figure 2. A life can suffer several spells of illness,
to the “able” (= able to work) state, or can die. Again, the arrows
of moving between states at random times,

1.2.3 Death and withdrawal

I DEAD '

Figure 3

1.24 Joint-Life Insurance

X ALIVE X ALIVE
Y ALIVE Y DEAD

Figure 4 represents the possible events of interest.
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1.3 Specifying survival models

A model of random lifetimes or life histories is called a survival model. We will consider

two approaches:

1. The first approach assumes that the future lifetime of a life aged x is a random
variable, denoted T, with distribution function F (f). F (¢) is the object of study.

We call this approach Model 1.

2. The second approach is to specify models as continuous-time finite-state Markov
processes, as suggested by Figures 1-4. (See Subject 103 for an introduction to
Markov processes.) In this case the transition intensities are the objects of study.
In the simplest case (Figure 1) we let the transition intensity be a function of age,
denoted p, (Figure 5). We call this approach Model 2.

ALIVE e DEAD

Figure 5
1.4 Estimation and application
Given a probabilistic model such as either those above, we want to do two things:

(a) We must estimate the model quantities from suitable data. In Model 1, we must
estimate F (), and in Model 2 we must estimate ..

(b) We can then compute quantities needed in applications. For example, if we pay £1

when a life now age x dies, that payment has present value vl (at constant interest i
per annum). This is a random variable. It is useful (as we will see) to know its mean,
variance etc.

Ev™] . Var[v™]
which we can compute if we know F,(¢).
It turns out that, in most cases, it is easiest to carry out the estimation in Model 2

(although we will also look at estimation in Model 1). However, traditional methods of

computing quantities such as E[v'*] are based on Model 1.
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Fortunately, there is sufficiently strong correspondence between the two models that we
can switch between them. That is:

(a) Given F, (1), we can compute i ; and
(b) Given p,, we can compute F,(¢).

Plan of this Core Reading

We will begin by introducing Model 1, based on the assumption that the future lifetime of
a life aged x is a random variable with distribution F, (¢) = P[T, <1]. In Unit 2 we

explore this model, in particular defining the force of mortality, which turns out to be the
same as the transition intensity in Model 2 (the Markov model).

Then we consider estimation. Since we begin with Model 1, we first consider how to
estimate the distribution function F,(¢) from suitable data (Unit 3). We find that we have
to allow for incomplete observations or censoring ( a defining feature of survival data).
We also look at a method of estimating the entire function K, (thatis, as a function of x)
from suitable data. These methods are examples of non-parametric estimation.

A problem that often arises is whether two different populations can be said to experience
the same mortality. Arising from this is the question of what effect some observable
quantity, such as weight, blood-pressure or pre-existing disease, has on survival. There is
now a vast amount of literature on the latter question; it is of great importance in medical
research but also arises in the underwriting of life insurance contracts. In Unit 4, we
introduce the Cox model, which is perhaps the most widely used regression model in
survival analysis.

The main discussion of estimation is in the setting of Model 2 (or Markov models in
general). For this purpose, we introduce formally the Markov model with 2 states (as in
Figure 5) in Unit S, and then

(a) Derive the relationship between Model 2 and Model 1; and

(b) Derive estimates for the transition intensity under some simple assumptions (namely,
that it is piecewise constant).

We also obtain the asymptotic statistical properties of the estimators in (b).

In Unit 6, we extend the two-state Markov model to any number of states, and any kind of
transition, such as those represented by Figures 2—4. This provides a very general and
powerful method of modelling complicated insurance contracts. (It is not so easy to
extend Model 1 in similar ways.)
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In Unit 7, we describe methods of estimation based on two alternative assumptions:
(a) that the number of deaths has a Binomial distribution; and
(b) that the number of deaths has a Poisson distribution. *

We will see that the Binomial model is related to Model 1, while the Poisson model can be
regarded as an approximation to Model 2. These models are included because they have a
long history of use in actuarial science, although modern usage has tended to favour
Markov models, such as Model 2.

In a typical actuarial mortality investigation, we obtain estimates of a quantity like K, at
integer ages. (This is mainly for convenience, given the way in which data are collected.)
Being estimates, they suffer random errors, so their progression from age to age is rough

and irregular. This is undesirable in practice, so they are smoothed or graduated before
being used.

In Units 8 and 9, we describe briefly the process of graduation, mentioning a few methods
in common use.

Given a set of estimates {].Lx}jj,m (for example) we face the question: does the

population we are studying suffer the same mortality as some other population (for
example, the mortality of the whole country, or some other country)? This question can
be framed as a statistical hypothesis, and there is a range of tests to test the hypothesis.
We describe these in Unit 8. We also use the same tests to decide whether a smoothed
(graduated) set of estimates is a satisfactory fit to the original unsmoothed (crude) data.

Finally, on the subject of estimation, we describe exposed to risk. Exposed to risk is a
measure of the time, in person-years or sometimes policy-years, spent exposed to the risk
of death (or disablement, or retirement, or whatever). It is needed because the estimates
we obtain in survival analysis are often of the form:

Number of Events
Time Spent Exposed to Risk of Event

which ought to be intuitive enough. This is the topic of Unit 10.

Next, we turn to simple application of survival models in life insurance. In this subject we

give only a simple introduction to the basic ideas and techniques; the details are in Subject
105.

In Unit 11 we define the basic types of insurance payment:
(a) payments made on death; and

(b) payments made on survival.
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Because time of death, or the event of survival to a given time, are here modelled as
random quantities, financial quantities such as the expected values of these payments are
also random variables. By extension of the “equation of present values” or the
“equivalence principle” introduced in Subject 102, we define an equivalence principle in
terms of expected present values, or EPVs. Unit 11 develops formulae for EPVs (and
variances) of the basic benefits, and methods for computing these using life tables.

1.5.12 In life insurance practice, two important tasks are:
(a) calculating a “fair” premium for a given contract; and

(b) calculating how much the life insurer should hold in the form of reserves to ensure
that it will be able to pay the benefits under a given contract.

Unit 12 introduces these ideas, using the “equivalence principle” in terms of EPVs. It is
particularly important to know how the reserves in (b) above will develop over time; this
will be the key, in later subjects, to the understanding of profitability and the use of capital
in a life insurance company. We introduce a recursive scheme (in discrete time, a
difference equation; in continuous time, a differential equation) which governs the
development of the reserves.

END
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