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(1) Mortality just after birth (“infant mortality™) is very high.
(2) Mortality falls during the first few years of life.
(3) There is a distinct “hump” in the function at ages arouhd 18-25. This is often

attributed to a rise in accidental deaths during young adulthood, and is called the
“accident hump”.

(4) From middle age onwards there is a steep increase in mortality, reaching a peak at
about age 75.

(5) The probability of death at higher ages falls again (even though ¢, continues to
increase) since the probabilities of surviving to these ages are small.

We will now introduce some more actuarial notation for probabilities of death, and give
formulae for them in terms of the life table I.. Define

ol @x = Pn<T,<n+m]

In words, ulm @ 1S the probability that a life age x will survive for » years but die during the
subsequent m years.

It is easy to see that

irx+n - ;x+n+m
[

x

n|m qx

or alternatively that
n|qu T nPx X mcsn

An important special case for actuarial calculations is m = 1, since we often use

probabilities of death over one year of age. By convention, we drop the “m” prefix and
write

anth = Al 4x

It is easy to see that

= — {x+n _lxd-:H—I ___dx+n
nqu nPy - Qx+ﬂ =

/ [

X X
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4.14 Recall the definition of the curtate future lifetime, K,. We now see that the distribution
function of K, can be written
PIK, =k = ,q,. '
Example 1
In a certain population, the force of mortality equals 0.025 at all ages.
Calculate:
(i)  the probability that a new-born baby will survive to age 5
(ii)  the probability that a life aged exactly 10 will die before age 12
(iii)  the probability that a life aged exactly 5 will die between ages 10 and 12
(iv) the complete expectation of life of a new-born baby
(v)  the curtate expectation of life of a new-born baby
Solution
(5
() spp = cxp(—g 0.0250’{]
= 0125
= 0.88250
() 2910 = 1-9py
2
= 1 mexp[—j'0.0ZSer
0
= |- 005
= 0.04877
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(i) shds = sPs-2qo

= "% % 0.04877
= 0.88250 x 0.04877

= 0.04304

oo

(iv) 2'0 = prﬁdr
0

oo

= [en0025t gy

=

1 R )
= [e 0\025:]
0.025%. 0

5 Life table functions at non-integer ages

5.1 Life table functions such as /, p_ or p, are usually tabulated at integer ages only, but
sometimes we need to compute probabilities involving non-integer ages or durations, such
as 5 sP375- We can do so using approximate methods. We will show two methods.

5.2 [n both cases, we suppose that we split up the required probability so that we need only
approximate over single years of age. For example, we would write 3955 5 as o sPss s % 5Ps¢
X 9.sPsg- The middle factor we can find from the life table; to approximate the other two
factors we need only consider single years of age.
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The first method is based on the assumption that, for integer x and 0 <7 < 1, the function
(Px My is @ constant. Since this is the density of the time to death from age x, it is seen

that this assumption is equivalent to a uniform distribution of the time to death, conditional

on death falling between these two ages. Hence it is called the Uniform Distribution of
Deaths (or UDD) assumption.

5

Since ¢, = [, py Hyy dt , by putting s = | we must have Pl =g, (0<r<1)and
0

therefore

5
qu= Iqxdr:S'Qx'
0

This is sometimes taken as the definition of the UDD assumption. Since g, can be found
from the life table, we can use this to approximate any sdcor p (0<s<1).

Note that we must have an integer age x in the above formula, so (in our example) we can
now estimate ( 5 psg but not s pss 5. Itis easy to show that for0 <s<r< 1,

(1-5)q,
l-5.9,

t-s9x+s=

[Hint: , p, = p, % Dess-] This result, with s = 0.5, r= 1, can be used to estimate
probabilities of the form ; 5 pss 5.

The second method of approximation is based on the assumption of a constant force of
mortality. That is, for integer x and 0 <7 < 1, we suppose that

Heie = 1L = constant.

Then the formula
: =]
t Px =CEXp ‘_J-p'x+s dsy=e *
0

can be used to find the required probabilities. We first have to find p. Note that p=e " so
1 =—log p,, which we can find from the life table. Next, note that matters are rather
simpler than under the UDD assumption since for 0 <s <¢ <1 we have

I+s -(b—j‘)u
(-5 Pxys =E€XPy— “’lxwd" =e

5
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Hence we can easily calculate any required probability.

Select life tables .

Note that some life tables, including the A1967-70 tables used in “Formulae and Tables
for Actuarial Examinations”, are select tables, meaning that ¢, p, etc. depend not only on
age but on duration since some event (such as the purchase of an insurance contract). In
such tables, it is supposed that ultimately, after some duration has been exceeded,

mortality no longer varies with duration but only with age. This is called the ultimate
portion of the table.

In this Subject, we are only concerned with mortality that varies by age alone, not by age
and duration. Therefore, all calculations will be carried out using either an aggregate life
table (in which age is the only factor anyway) or the ultimate portion of a select life table.

Select life tables are explained in Subject 105.
The general pattern of mortality

In this section we illustrate the general features of life table functions. For this purpose we
have used the AM80 mortality table. This is a select table, with select period of 2 years,
based on the experience of male assured lives (the meaning of which will be clarified
later) in the UK during 1979-82. It is widely used in practice.

Figure 7 shows g,, the ultimate rates of mortality. The main feature is the rapid, in fact
nearly exponential, increase in mortality beyond middle age
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Figure 7

g, (AM80 Ultimate Mortality Table)

The rates of mortality at older ages are so much larger than those at younger ages that
Figure 7 fails to show any detail at younger ages.
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Figure 8 shows log (g,).

]
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Figure 8
log(g,) (AM80 Ultimate Mortality Table)

The main features are high infant mortality, an “accident hump” at ages around 20, and the
nearly exponential increase at older ages. [The “accident hump” looks strangely sharp-
peaked. This is because the mortality rates at younger ages were based on a different
experience and no attempt was made to smooth the join.]
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74 Figure 9 shows /,. The main feature is the very slight fall until late middle age, followed
by a steep plunge.

10000
L
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Age
Figure 9
I, (AM80 Ultimate Mortality Table)
© Faculty and Institute of Actuaries Unit 2, Page 21



Subject 104

Survival models and the life table 2000

7.5 Figure 10 shows d_. Although the scale is different, this looks the same as Figure 6. The
similarity is explained by the relationship

dx 1 L}
4y =5— J:‘ Px Hyit dt

le o
§ 4
% 4

2 © % M 00 120
Age
Figure 10
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d, (AM80 Ultimate Mortality Table)
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8 Simple laws of mortality
8.1 [tis often useful to be able to express g, or i, as some simple mathematical function of

the age, x. Two of the simplest such “laws” are the following:

Gompertz’ Law : p=B.c
Makeham’s Law: n, =4+ B
8.2 Gompertz’ Law is an exponential function, and it is often a reasonable assumption for

middle ages and older ages. Makeham’s Law incorporates a constant term which is
sometimes interpreted as an allowance for accidental deaths, not depending on age.

8.3 If a life table is known to follow Gompertz® Law, the parameters B and ¢ can be
determined given the values of i at any two ages. In the case of a life table following

Makeham’s Law, the parameters 4, B and ¢ can be determined given the values of 1, at
any three ages.

8.4 Survival probabilities , p, can be found using

t
(Px = exp(_.l.pxﬁw d‘s) .
0

For example, in the case of Gompertz’ Law

— S (c'-1)

:‘p:c g

where g = exp[I_BCJ, and in the case of Makeham’s Law
0g

el (i §)

WPy = 5'g

logC

where g = exp[ ] and s = exp(— 4).

END
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