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UNIT 4 — THE COX REGRESSION MODEL

Syllabus objectives ~ (ii) Describe estimation procedures for lifetime distributions.
5. Describe the Cox model for proportional hazards, derive
the partial likelihood estimate in the absence of ties, and
state its asymptotic distribution.

Covariates

Non-parametric approaches are limited in their ability to deal with some important
questions in survival analysis, such as the effect of covariates on survival. A covariate is
any quantity recorded in respect of each life, such as age, sex, type of treatment, level of
medication, severity of symptoms and so on. If the covariates partition the population into
a small number of homogeneous groups, it is possible to compare Kaplan-Meier or other
non-parametric estimates in respect of each population, but a more direct and transparent
method is to construct a model in which the effects of the covariates on survival are
modelled directly; a regression model. In this section, we will assume that the values of

the covariates in respect of the i life are represented by a 1 x p vector, z;

The most widely used regression model in recent years has been the proportional hazards
model, also known as the Cox model, and this Unit is devoted to that model.

Fully parametric models

In a fully parametric model, the strong assumption is made that the lifetime distribution
belongs to a given family of parametric distributions, and the regression problem is
reduced to estimating the parameters from the data. Distributions commonly used are the
exponential (constant hazard), Weibull (monotonic hazard), Gompertz-Makeham
(exponential hazard) and log-logistic (“humped” hazard). The same distributions are often
used as loss distributions with insurance claims data, but censored observations complicate
the likelihoods considerably and numerical methods are usually required. For the
distributions above, the likelihoods can be written down (though not always solved)
explicitly.

Parametric models can be used with a homogeneous population (the one-sample case)
instead of the approaches of Unit 3, or can be fitted to a moderate number of
homogeneous groups, in which case confidence intervals for the fitted parameters give a
test of differences between the groups which should be better than non-parametric
procedures. However, fully parametric models are difficult to apply without
foreknowledge of the form of the hazard function, which might be the very object of the
study; for that reason a semi-parametric approach is more popular.
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The Cox model

The Cox model proposes the following form of hazard function for the /' life (where, in
keeping with statistical habit, we denote hazards by A rathey than p):

M1 2)) = ho(t) exp(Bz] ).

(Note: here the “7 denotes the transpose of the vector z;, not a lifetime.)

Bisa 1 x p vector of regression parameters, so that through the scalar product Bz,-T the
influence of each factor in z; enters the hazard multiplicatively. A(¢) is the baseline
hazard. In this simple formulation only Ao(#) depends on time, but the model can also be
formulated with time-dependent covariates.

Under the Cox model, the hazards of different lives with covariate vectors zy and z; are in
the same proportion at all times:

Mt;zy) _ exp(Bz))
Mt;z)  exp(Rz))

giving rise to the name proportional hazards model. Cox’s formulation is not the only
model with proportional hazards, we could formulate a model Mt z;) = h(t) g(z;) where
g(2) is any function of z, but not #. However, Cox’s model ensures that the hazard is

always positive, and gives a linear model for the log-hazard which is very convenient in
theory and practice.

The utility of this model arises from the fact that the general “shape” of the hazard
function for all individuals is determined by the baseline hazard, while the exponential
term accounts for differences between individuals. So, if we are not primarily concerned
with the precise form of the hazard, but with the effects of the covariates, we can ignore
Ao(f) and estimate B from the data irrespective of the shape of the baseline hazard; this is
termed a semi-parametric approach. So useful and flexible has this proved, that the Cox
model now dominates the literature on survival analysis, and it is probably the tool to
which a statistician would turn first for the analysis of survival data.
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The partial likelihood

To estimate f3 it is usual to maximise the following partial likelihood. Let R(t;) denote the
set of lives which are at risk just before the /™ observed lifetime, and for the moment
assume that there is only one death at each observed lifetime, that is d.=1(1<j<k). The
partial likelihood is:

= r
=12
J=1 Z;GR(;j}exP(Bzi )

Intuitively, each observed lifetime contributes the probability that the life observed to die
should have been the one out of the R(1)) lives at risk to die, conditional on one death

being observed at time £, Note that the baseline hazard cancels out and the partial

likelihood depends only on the order in which deaths are observed. (The name “partial”
likelihood arises because those parts of the full likelihood involving the times at which
deaths were observed and what was observed between the observed deaths are thrown
away.) Maximisation of this expression has to proceed numerically, and most statistics
packages have procedures for fitting a Cox model.

In practice there might be ties in the data, that is:

(a) some a} > 1;0r
(b) some observations are censored at an observed lifetime.

It is usual to deal with (b) by including the lives on whom observation was censored at
time ¢ in the risk set R(1)), effectively assuming that censoring occurs just after the deaths

were observed. Accurate calculation of the partial likelihood in case (a) is messy, since all
possible combinations of d; deaths out of the R(1) at risk at time £; ought to contribute, and

an approximation due to Breslow is often used, namely:

= T
L) = J.Hk exp(Bs; ) -
4= (Zierq,) exp(Bz; )

where S is the sum of the covariate vectors z of the c{, lives observed to die at time L.
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