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3.3 An alternative way to evaluate ndy follows from

_ _ ok L
fdy = Qyp— ax‘ﬂ ,(E]v kP~ Kglv k Px
=k
= 2V Py
k=n+l
n 2k
= Vo Py Zv k Pxn
k=1
= vnn p:cax+n
3.4 The factor v p, is important and useful in developing EPVs. It plays the role of the pure

interest discount factor v", where now the payment or present value being discounted
depends on the survival of a life aged x.

3.5 Deferred annuities-due can be defined similarly, with the corresponding formulae such as

R S S
e = Ge=d g = VD,
Note that a, = | d,,.

3.6 Although not as common as deferred annuities, deferred assurance benefits can be defined
in a similar way. For example, a whole of life assurance with sum assured 1, payable to a

life aged x but deferred n years is a contract to pay a death benefit of 1 provided death
occurs after age x + n.

If the benefit is payable at the end of the year of death (if at all), the EPV of this assurance
is denoted ,,, 4,. It is easily shown that

A

ni“tx

I

1
Ax = Ax:n

= V' pe A

xTxtnt

Note the appearance once more of the “discount factor” v* , p

e
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3.7

4.1

4.2

One useful feature of deferred assurances is that it is easier to find their variances directly
than is the case for annuities. For example, let X be the present value of a whole of life
assurance and Y the present value of a temporary assurance with term n years, both for a
sum assured of | payable at the end of the year of death of a life agedx. Then E[X]=4_

and E[Y] = Alﬂ and

E[X-Y] = 44, = Ax—A:ﬂ.

Moreover,
Var[X -Y] = Var[X] + Var[Y] - 2 Cov[X, Y]
and can be shown by considering the distributions of X and Y, that

Cov[X,Y] = :’-A_Lﬂ — A, A4

xn

where the “2” superscript has its usual meaning. Hence

VarlX—¥] = A= (A A0~ (400 204 - 4, AL
= L0 A;ﬂ)z— 2A;_ﬂ

Il

A (e~

This can be used to find the variance of the corresponding deferred annuity-due.

Continuous annuities and assurances payable at the
moment of death

So far we have assumed that assurance death benefits have been paid at the end of the year
of death, and we have concentrated on annuities payable annually. In practice, assurance
death benefits are paid a short time after death, as soon as the validity of the claim can be
verified. Assuming a delay until the end of the year of death is therefore not a prudent
approximation, but assuming that there is no delay and that the sum assured is paid
immediately on death is a prudent approximation.

Related to such assurance benefits are annuities under which payment is made in a
continuous stream instead of at discrete intervals. Of course this does not happen in
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4.3

4.4

4.5
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practice, but such an assumption is reasonable if payments are very frequent, say weekly
or daily.

Consider, therefore, a whole of life assurance with sum assured 1, payable immediately on
the death of a life aged x. The present value of this benefit' is v , and since the density
function of T, is p, 1, the EPV of the benefit, denoted A, is

A, = Ep™] = [6V"  Pebdt
and its variance is easily seen to be
Varv™] = %4, —(4,)
where the “2” superscript means an EPV calculated at rate of interest (+)?-1.

The standard actuarial notation for the EPVs of assurances with a death benefit payable
immediately on death, or of annuities payable continuously, is a bar added above the
symbol for the EPV of an assurance with a death benefit payable at the end of the year of
death, or an immediate annuity with annual payments, respectively.

Temporary or term assurance contracts with a death benefit payable immediately on death
can be defined in a similar way, with the obvious notation for their EPVs and deferred
assurance benefits likewise. We leave the reader to supply the obvious definitions and
proofs of the following.

= g 5
A4, = Ax:ﬁ[+”|A~‘

i _ Fl 1
Ao = Apvdg

A

— n q
x =V nprxﬂ:

Note in the second of these that it is only death benefits which are affected by the changed
time of payment. Survival benefits such as a pure endowment are not affected.
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4.6 [t is convenient to be able to estimate 4, Zx-ﬂ and so on in terms of commonly tabulated

functions. One simple approximation is claims acceleration. Of deaths oceurring
between ages x + kand x + k+ 1, say, (k=0, 1,2, ...) roughly speaking the average age at
death will be x + & + 4. Under this assumption claims are,paid on average 6 months
before the end of the year of death. Therefore we obtain the approximate EPVs

A, = (1+0)" 4,

|
A

1

(1+4)”% A;__ﬂ

4

n

AN/ 1
A+ A+ 4 ]

Note again that in the case of the endowment assurance only the death benefit is affected
by the claims acceleration.

4.7 A second approximation is obtained by considering a whole of life or term assurance to be
a sum of deferred term assurances, each for a term of one year. Then (taking the whole
life case as an example)

— =71 i i
Ax = oiAx:ﬂ + Iler[ + 2|Ax'q + aaa

7 3 N
= A;;Tl + vprxlln +vo,p. A q S

; x+2:

7 | 1
Now Ax+k:]-i = Iovfrpx+kl-’-x+k+rd’

and if we use the UDD assumption between each pair of integer ages, we know that

tPrsk Pxsker = Gue (02<1)
Then
=1 - 1t _ iv
Ax+k:fi = Grvk .[Ov dat = Qx+k g'
Hence
= i 3
A4, = 5 ("‘ffx + "Zf’x?xn TV 2Py t )
_ i
- EAX
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Similarly,

1 (T P
A-Y:;I = g AXIF—I| .
4.8 Consider an annuity of 1 per annum payable continuously during the lifetime of a life now
aged x. The present value of this annuity is aj and its EPV, denoted a,

2

x = E[a-m] = .[SOEFI DMy dl.

- o [ . .
Note that a = Jye %ds so that T =e % = y*, and then integrate by parts.
i

2

x ] [Eﬂ a‘px:lo + I(Tvrrpxd‘f

j‘go v (Pydt.

4.9 Temporary and deferred continuous annuities can be defined, and their EPVs calculated,
in a similar way. Using the obvious notation, for example,

a-":’?l = E’:amm—‘n]]:l = Jgaq;‘p.r“xﬂd: e aﬂnpx = jgvrrpxd[‘

2

o @t nls.
4.10 To evaluate these annuities, use the approximation
a = d.-%

and for temporary annuities
Exﬂ = c'ix:;[ -%(1-v", p,).

4.11 There is an important relationship between level annuities payable continuously and

assurance contracts with death benefits payable immediately on death. For whole of life
benefits

|

_ | I g
d, = E[ag] = [ - ]_ =y
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Hence 4, = 1-8a,.
For temporary benefits,

| — yMINIT, ] i€
ax';] = E[aMIN[T,.n]:' = E 5 - E(I—Ax:;[)'

Hence Ax::ﬂ = ]—ESEx:;I.

412 We can use these relationships to express the variances of annuities payable continuously.
For example,

— 1-vTs
Var[aT—Il] = Var 5

an 1 Vv T,

= ) ar[v']

= 'SLz( ZZx_(Zx)2)

where the “2” superscript indicates an EPV calculated at rate of interest (1+i?-1.

5 Commutation functions
5.1 All of the formulae for EPVs we have developed such as
Ax = Z vk+l k!qx
k=0
. n-1 k
a.r:r?l = kzz:(}v kPx

can (obviously) be evaluated by direct calculation given only the life table probabilities,
and with the widespread use of computers this is often the simplest method. To aid such
computation if only tables are available, however, commutation functions have been
developed.
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5.2 The problem is that (for example) a full tabulation of values of c'ixﬂ would be very
extensive, requiring a double entry table. Moreover, one such table would be needed for
cach rate of interest included. The problem could be avoided by using formulae like
&*;I = é.x -v" n pxdx+n d
but commutation functions provide an alternative.
5.3 Define D, = v* [, (not to be confused with D, the indicator of death). Then note that
Dx+n — 1"” p
Dx nox
and so on. In other words, if we tabulate Dy we can easily calculate the “discount factors”
allowing for mortality and write, for example,
1 Dx+n
Ao = A4, - A,
x‘;] x Dx x+n
. N . .
a.. = ay — Qyin
x| D,
Example §
Calculate
1 0
‘435_@ (A67-70 at 4%)
Solution
0.66579
5.4 The construction of commutation functions need not stop at D_, however. Define
Ne= 2D,y .
k=0
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N, 2 D e
Then —2 = Yy Xtk = >viep. = G
D, k=0 D, o f *
Nx+1 — z D_r+k — ka e s = a,
b, k=1 D, k=1
N Nr+1 n=1 DN X n-1 P .
. X+ = z b 5., 93 = »r o = a
D, & D, & 2
Nyst = Nesnsi & Dy ok
x x+n — z X — zv P - a._
D, k=1 Dy k=1 * L2
;
Ax“'n = ‘_JN_X_ Nx Nx'hﬂ — ax _"ax;;l = naI
DX DX Dx I
N.\-+n+l = Nx+| Nx+] = Nx+n+l = a,-a oG
D, D, D, =l
Hence tabulation of N, allows us to evaluate any level annuity.
Example 6
Calculate
(1) 4331 (A67-70 at 4%)
(i) 1gdsg (A67-70 at 4%)
Solution
()  12.037
(i)  4.541
5.5 To each of D, and N, there corresponds a commutation function for assurance contracts.

In fact we have already dealt with pure endowment assurances since it is obvious that

| D.v:+n

A =
£

, but we now want to deal with death benefits.
X
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5.6 Define C, = i d,. Then
Cosk  _ kei9eik kel
—_— =V —— = ¥ k|{fx
D, [,
. . &
and it becomes obvious how to proceed. Define M, = YC,... Weleave it to the
k=0

reader to satisfy himself or herself that

4 = M
X Dx
AI = Mx — Mx+n
x:;[ ‘D-r
A - Mx M.+ D,
x| D,
A = x+n
n|Ax D,
8.7 When dealing with annuities paid continuously or with death benefits payable immediately

on death, it is straightforward to use the commutation functions defined above and the
approximations

T I
a = a,-%

It

A, = (1+0)%4,

and so on. However, sometimes special commutation functions are used to the same
effect. We give their definitions below and leave the reader to confirm that they lead to
the approximations of which the above are examples.

ﬁx = Nx"%Dx

7% == XA
Cx - .[ODx-f-f“der = ¥ dx+k

A_/'{x = Zéﬂ»k
k=0
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5.8

5.9

6.1

6.2

6.3

The relationships between assurance and annuity EPVs of the form
A, = l-da,

induce similar relationships among the commutation functions. We list some of these
below, which may easily be checked.

1 _ _ 1 _ _ .
Ax:ﬂ - Ax:ﬂ Ax:ﬂ = Cx - (l d)Dx Dx+l
Ay = l-dd, = M, = D,-dN,

Although computers are used increasingly often to calculate EPVs directly, there are
circumstances in which the use of commutation functions can result in considerable

savings of computer time, notably when a large job is being run which requires Axﬂ' a -
; e

etc. over the whole range of ages and terms.

Retrospective accumulations

In mathematics of finance there are two common viewpoints from which a stream of cash
flows may be considered.

(1) Prospectively, leading to the calculation of present values
(2) Retrospectively. leading to the calculation of accumulations.

In this section we discuss the latter approach allowing for the presence of mortality.

The basic idea is that we consider a group of lives, who are regarded as identical and
stochastically independent as far as mortality is concerned. At age x, each life transacts
some life insurance contract, again all identical. Under these contracts, payments will be
made (the direction of the payments is immaterial), depending on the experience of the
members of the group. We imagine these payments being accumulated in a fund at rate of
interest i. After n years, we divide this fund equally among the surviving members of the
group. (If the fund is negative we imagine charging the survivors in equal shares). The
question is, what is the expected share of the fund per survivor?

We illustrate with the simplest example of a pure endowment contract. Suppose we begin
with N people in the group. After n years, a payment of 1 is made to each survivor. The
number of survivors is, we suppose, a random variable. [If there are N! survivors (N'>0)
then the fund is N' and the share of the fund per survivor is simply 1. We deal with the
awkward possibility that N' = 0 by supposing N to be large enough that the probability
that N' = 0 vanishes.
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6.4 Let us now formalise the above. Suppose that there are N' survivors at agex +noutof N
“starters” at age x, and that the accumulated fund at age x + nis F(N). The retrospective
accumulation of the benefit under consideration is defined to be

Clearly N' and F(N) are random variables. The process of taking the limit eliminates the
probability that N' = 0, but also since

. F(N)

lim —= = E[F(

Jim =2 = E[F(D)
NI

lim — =

Nf)"mN nPx

(by the law of large numbers) the limit is equal to

E[F(D]

nPx

6.5 For an example less trivial than the pure endowment, consider a term assurance with term
n years. We need only consider a single life and calculate E[F( 1)]. It is easy to see that
F(1) has the following distribution:

F(1) = (DK =k (k=0,1,..n-1)
F(1) = 0 ifK, >n
o I
so  E[F(1)] = );0(1+:) Kdx
k:

2 An 41
(1+14) Axﬂ .
Hence the accumulation of the term assurance benefit is

A gl
(I+14) Axﬂ D

X Al

npx - Dx+n I:E]. 1
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6.6 Consider an annuity-due with a term of n years. F(1) has the following distribution

F(1) = (1 + )% S ifK.=k(k=0,1,..n-1)
F() = 3 ifK.>n

Hence

n-1

Z (l‘_i_j)n-(,’t-ﬂ}s

E[F(l)] P k__ﬁ]&'IQI + :S:_;anx

1l

n-1
= (1+)" L d_s i
( +f) (,{E:Oamlqu + a,‘}}npx)
= (1 +f)"ar;i.
Therefore the accumulation of the annuity-due is

+0'dn  p

2 Px By

x+n

6.7 To each annuity EPV there corresponds an accumulation denoted by an “s” symbol

&6 9%

instead of an “a” symbol. Thus in the example above we define

. D, .
S.r:;r] - D axﬂ

x+n

and we define symbols for the accumulation of other annuities similarly. There is no
actuarial notation for the accumulation of assurance benefits.

6.8 It is easy to see that we can write down the accumulation of any benefit after n years in

: C : : D,
the same way; simply multiply its EPV by the inverse of the discount factor ?’“‘— :

X
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We mentioned before that the life table is sometimes interpreted in a deterministic way, so
that /.., is regarded as the (non-random) number of I, lives age x who will survive to age

x +n,and p, as the proportion of such lives instead of a probability. Retrospective
accumulations can be interpreted along similar lines, so for example

. _ D, ..
Yol D,., ‘x
_ A+)"L(I+vp, +..+v™ Py)
f’x+ﬂ

= L) L) (L0
!

xX+n

which is easily seen to be the accumulation of all the annuity payments divided by the
number of survivors.

In terms of commutation functions, accumulations are written down simply by replacing
the D, in the denominator of the EPV with D,,,. For example

§ — D.r Z = Dx Nx — Nx+n
x:;| Dx+n & Dx+n Dx
— Nx 5 Nx+n
Dysp
END
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