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Methods of graduation Subject 104

UNIT 9 — METHODS OF GRADUATION

Syllabus objectives  (vii) Describe how to test crude estimates for consistency with a
standard table or a set of graduated estimates, and describe

the process of graduation.

4.

Describe the process of graduation by the following
methods, and state the advantages and disadvantages of
each:

e parametric formula
¢ standard table
e graphical

(The student will not be required to carry out a
graduation.)

Describe how the tests in 1. should be amended to
compare crude and graduated sets of estimates.

Describe how the tests in 1. should be amended to
allow for the presence of duplicate policies.

Carry out a comparison of a set of crude estimates and a
standard table, or of a set of crude estimates and a set of
graduated estimates.

Graduation by parametric formula

The method of graduation most often used for reasonably large experiences is to fita
parametric formula to the crude estimates.

Two simple (but useful) formulae are:

Gompertz (1825)
Makeham (1860)

B, = B.c
= A+Bc*

In practice, it is usually found that p, follows an exponential curve quite closely over
middle and older ages (in human populations) so most successful formulae include a
Gompertz term. Makeham’s formula is interpreted as the addition of accidental deaths,
independent of age, to a Gompertz term representing senescent deaths.
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1.4

1.5

1.6

T

1.8

The most recent standard tables produced for use by UK life insurance companies used
formulae of the form

K, = (polynomial(1)) + exp(polynomial(2))
which includes Gompertz and Makeham as special cases.

A wide range of techniques is available to choose and to fit a curve to a set of crude
estimates. Here we just describe how the fitting was carried out in the case of the most
recent UK life insurance standard tables.

The available data were deaths and central exposed to risk, and the Poisson model was
used. The data were collected by life insurance companies during 1979-82, and were
analysed by the Continuous Mortality Investigation Bureau (CMIB). Different tables
were prepared for males and females, and for different classes of insurance and pension
business; collectively they are known as the “80 series” tables.

The formulae were of the form:

k-]

He = Aoy, 0 ey @, 0y, Oy oy Oy s X)

where

polynomial(1) = a +otpx +ogx® + ... + o x!

polynomial(2) = o, + oo +0u 3x> + ... + Oty
Therefore, in respect of the age interval [x, x+1], the likelihood in the Poisson model is:
(Ha) ™ exp(—fty, ES) x constants

= f(Oyynes Oy X+ V5) % exp(f(ety,...,0, ., x+'2) ES) x constants

So the total likelihood, ignoring constants, is:

TLS (O eees Oy g+ Y4) T €XP(S (e, o X + VA) ES) .
all ages
X

This likelihood was maximised numerically to obtain maximum likelihood estimates of the

o
parameters o, Oy, ..., &, and hence p .
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For practical use, it is not sufficient to choose and fit a formula using statistical methods
alone. It is always necessary to inspect the results in the light of previous knowledge of
mortality experiences, especially at very young and very old ages where the data may be
scarce. The graduated estimates should also be compared with other experiences to see if
they behave as we should expect. Examples of the checks that would be applied (to be
covered in more detail in Subject 105) are: '

(@)  The mortality of males is higher than the mortality of females.

(b)  The mortality of persons with life insurance policies is lower than that of the
population as a whole.

(c)  The mortality of persons who have recently taken out life insurance is lower than
that of persons who took out life insurance a long time ago (because they have to be
in good health to obtain life insurance).

It might be necessary to adjust the graduation to obtain a satisfactory final result.
Finally, always consider where the financial risks lie.

(a) A life insurance contract pays out on death, so the insurance company will charge
inadequate premiums if it underestimates mortality.

(b) A pension or annuity contract pays out on continued survival, so the insurance
company will charge inadequate premiums if it overestimates mortality.

Since insurance companies will use graduated mortality tables to estimate future mortality
(under insurance contracts yet to be sold) but investigations must be of past mortality, the
trend of mortality is important. In practice, in most countries mortality has been falling for
a long time, which means that past mortality is likely to be on the safe side for insurance
business but not adequate for pension or annuity business. In respect of the latter it is
necessary to make some projection of future improvements in mortality.

The curve-fitting process described above is only one of three stages that must be carried
out, often repeatedly, before a satisfactory result is obtained.

(a) A particular parametric family of curves must be chosen; for example the first few
(useful) families of the general type used by the CMIB are:

o exp(oyx) (Gompertz)
o+ oexp(osy) (Makeham)

a; +agexp(o + ox)

and so on.
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2.3

(b)  Given a family of curves, the best-fitting values of the parameters must be found.
The CMIB used maximum likelihood, but there are many other suitable procedures.

(¢)  Given the best-fitting curve of a given family, it must be compared with the original
data to see if it is acceptably close, according to some'test procedures (see Unit 8).

Usually this process will be carried out for several families of curves, and the final choice
will be influenced by the “goodness of fit” in (c) above. However, many other factors
influence the outcome, and it is not always the best-fitting graduation (in the statistical
sense) that gives the most suitable result for practical use.

Graduation by reference to a standard table

A “standard table” means a published life table based upon sufficient data to be regarded
as reliable (for appropriate applications). Examples include national life tables based on a
country’s entire population (e.g. the English Life Tables) and insured lives tables based on
large numbers of insured lives (e.g. the “80 series” tables).

A standard table will always be based on a well-defined class of lives, although this does
not mean that that class of lives will be perfectly homogeneous. If we are given the
mortality experience of a similar group of lives, we might reasonably suppose that it
should share some of the characteristics of the experience underlying the standard tabie,

such as its overall shape. This is useful if we do not have much data from the experience
in which we are interested.

Let g3 or pj be the rates or forces of mortality of the standard table. Then we try to
exploit the assumed similarity of the experiences by seeking a reasonably simple function

fQsuch that g_= f(g%) or flx = f(1y). Examples include:

g, =a+bg;
g, =(a+bx)q}
Re=H5+k

ux :pi'fk

where a, b and k are suitable constants.
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The search for a suitable function /() can be aided by making some simple plots

(a) aplotof ¢, against g; might indicate a linear relationship in q; or

(b)  aplotof —log(1-g, ) against ~log(1-g¢; ) might indicdte a linear relationship in I,

and so on. If it is not possible to find a simple relationship, then the supposition that the
experiences have similar characteristics should perhaps be reconsidered. It should be
remembered that if data are scarce, too close a fit to any suggested relationship is not to be
expected, especially at extreme ages.

Once a possible relationship has been identified, the best-fitting parameters must be found.
Any suitable method might be used, for example:

(a) maximum likelihood: the underlying model is that

Qx = f(al’ ve1y an: '?,f_-) or ]‘Lx = f(a]‘) ] G‘m P'i)

where the o, ..., &, are unknown parameters. The MLE’s are then found by
maximising the likelihoods as in Section 1.7.

(b)  least squares: the parameter values are found which minimise

- 2 " 2
wa('?x _qi) or zwx(“x_u'i) :
all ages all ages
x x

where the {w,} are suitable weights. Natural weights would be the exposures to

risk (E, or Ey) at each age, or the inverse of the estimated variance of §, or i, .

The resulting graduation would be subjected to tests of goodness-of-fit to the data (see
Unit 8) and, if there is more than one candidate function f(), the goodness-of-fit may be
used to assist in the final choice.

The remarks in Sections 1.9 to 1.11 apply also to experiences graduated by this method.

Graphical graduation

[t is always possible to employ the simple technique of plotting the crude estimates g, or
i, on graph paper and drawing a curve through them. This might reasonably be done if

all that is needed is a “quick and dirty” result, or a visual impression, though quite
obviously it has severe limitations.

© Faculty and Institute of Actuaries Unit 9, Page 5
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Here we describe a few useful aids to obtaining a satisfactory result:

Subject 104
3.2
(a)
(b)
(©)
3.3

3.4

Human rates of mortality range from the very small at low ages (< 0.001) to the
very large at high ages (> 0.1). It is difficult, if not impossible, to plot values of
such different orders of magnitude on the same, linéar, scale. Unless dealing with a
very short age range, it is best to plot the crude data on a logarithmic scale. Since a
Gompertz term is often a good approximation over some age ranges, this has the
advantage that a straight-line fit might be a good approximation on the logarithmic
plot.

If data are scarce, group different ages together. There is no settled view on how to
choose age groups. Some possibilities are:

(i)  choose groups so that the grouped crude rates run more smoothly;
(1) use evenly-spaced groups (e.g. quinquennial age bands); or

(iii)  group so that there is a reasonable number of deaths (e.g. at least five) in each
group.

The first of these can be difficult to achieve. Having grouped, it is necessary to
decide the age to which each grouped crude rate applies, in order to plot it on the
graph. Clearly, this is some kind of “mean” age representing the group. The
simplest approach would be to use the unweighted mean age; a slightly more
sophisticated approach would be to use the exposures to risk at each individual age
as weights.

Plot approximate confidence limits or error bars around the plotted crude rates.
Rough 95% error bars are given by

é;i-——ZTE/CTx or L +2E.
X

e = pe

It is not necessary that the graduation should pass through every confidence interval
(indeed, it should not) but it should not pass outside more than about | in 20.

Having made preparations such as those above, draw a curve as smoothly as possible,

Unit 9, Page 6

trying to capture the overall shape of the crude rates. This cannot easily be described, the
difficulties involved can only be grasped by trying to do it. It is, in fact, very difficult to
draw a curve that is truly smooth (see Unit § for what we mean by “smooth™).

The graduated values at integer ages can now be read off the plotted curve. It will not
usually be possible to discern more than three significant figures in any part of the curve.
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3.5 The graduation can then be subjected to the same tests of goodness-of-fit as before, and
also to tests of adequate smoothness (which are rarely necessary with the other two
methods described here). If the data are very scarce, formal statistical tests might not add
very much to what we can learn simply by inspection of the graph, but they should still be

carried out. 2

4 Comparison of different methods

4.1 First, we note that the three methods of graduation described above by no means cover all
possible methods. We take parametric formula graduation to be an example of approaches
used with reasonably large data sets, and the other two to be examples of methods used
with smaller data sets.

4.2 Some specific points about parametric formula graduation are:

(a)  Itis a natural extension of the simple probabilistic models for single years of age,
parameterised by g, or pt.,.,. It is straightforward to extend the statistical theory of
estimation from one parameter to several, including estimation of standard errors
and so on, and very often computer software is available to carry out the necessary
optimisations.

(b)  Provided a reasonably small number of parameters is used, the resulting graduation
will be acceptably smooth.

(¢)  Sometimes, when comparing several experiences, it is useful to fit the same
parametric formula to all of them. Differences between the fitted parameters, given
their standard errors, then give insight into the differences between the experiences.

(d)  The approach is very well-suited to the production of standard tables, from large
amounts of data.

(e) Itcan, however, be very difficult to find a suitable curve that fits an experience well
at all ages. Partly this is because of the different features that predominate at
different ages (e.g. infant mortality, the accident hump and exponential mortality
after middle age). Partly it may be because cross-sectional studies mix up different
generations at different ages. A very likely reason is that there is still a good deal of
heterogeneity in all mortality studies, even if we classify the data by age, sex, policy
type, calendar period and so on.

(f)  Care is required when extrapolating. Most methods of curve-fitting will result in a
good fit where there is most data, which in graduation usually means at middle ages.
The form of the curve at the extreme ages is therefore sometimes determined by the
best-fitting parameters at other ages, which means that the curve is, to a large
degree, extrapolated from the middle ages. The results at extreme ages can,
therefore, be quite poor, and might require adjustment. The same warning applies if
the graduation is extrapolated beyond the ages for which there are data.

© Faculty and Institute of Actuaries Unit 9, Page 7
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4.3

Some points about graduation by reference to a standard table are:

(a) It can be used to fit relatively small data sets where a suitable standard table exists.
For example, the CMIB have fitted the life office experiences for periods after
1979-82 as linear functions of the “80 series” tables, as a way of gauging the
subsequent development of insured lives mortality.

(b)  Provided a simple function is chosen, and the standard table is smooth to begin
with, a smooth graduation should result.

(¢)  The collateral information obtained from the standard table can be particularly
useful in deciding the shape of the graduation at the extreme ages, where there

might be little or no data.

(d)  The method is not suitable for the preparation of standard tables based on large
amounts of data.

(e)  The choice of standard table is important; choosing an inappropriate table could
impart the wrong shape to the entire graduation.

() Itis not always easy to choose an appropriate standard table.

4.4 Some points about graphical graduation are:

(@)  Itcan be used for scanty data sets where any more sophisticated method would be
hard to justify.

(b)  Itis extremely difficult to obtain results that are both smooth and adhere
satisfactorily to the data. It is usually necessary to make several attempts, and to
adjust the results by hand (rather than by re-drawing the curve) to restore
smoothness (a process sometimes called hand-polishing).

(c)  Itdoes allow an experienced person to allow for known (or likely) features of the
experience, which might escape any more mechanical method.

(d)  The other side of (c); any bias or erroneous assumptions on the part of the graduator
will be reflected in the outcome.

(e) Itisnota suitable method for the production of standard tables based on large
amounts of data.

Unit 9, Page 8 © Faculty and Institute of Actuaries
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Statistical tests of a graduation

In Unit 8, we introduced statistical tests of the hypothesis that one experience was the
same as another. Often, the question is whether or not an experience for which we have
data and crude estimates is consistent with a given standard table. The tests depended on
comparison of the actual deaths observed at each age x in one experience, d,, with the

number expected on the basis of the other experience. For example, if the second

experience was represented by a standard table {g; } or { u3,,, }, we devised tests based
on the deviations

dx = Exq; or d.\: - E;“;#A :

The same tests can be used to test the hypothesis that the graduation adheres to the data,
by substituting the graduated estimates for the standard table quantities above, and using
the deviations

dx_ Ex q. or dx— Efr Ky -

In effect, we are asking whether or not the observed numbers of deaths are consistent with
the numbers expected if the graduated estimates are “correct”.

There are two problems. The first is with the y*-test.

Given m age groups, the 3 -statistics:

2 (.~ E,4)) o B WemEity)’
=k ExQ;(l_Q::) X=X Eﬁpiﬂé

(where superscript “s” denotes the standard table as usual) had a %2 distribution with
degrees of freedom. This led to a simple statistical test.

A crucial point in the above reasoning is that the two experiences in question should not
be the same. In other words, the data upon which the observed deaths are based should
not be the same as the data upon which the expected deaths are based. If we use the
graduation itself to compute the expected deaths, this clearly does not hold, since the

{ (}x yor{ ﬁﬁ.ﬁ } are themselves based on the observed deaths.

It is still legitimate to use the ¥ -test in these circumstances, and the y>-statistic is
unchanged, but we must reduce the number of degrees of freedom.

(a)  If we used parametric formula graduation, we lose one degree of freedom for each
parameter fitted.

© Faculty and Institute of Actuaries Unit 9, Page 9
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5.6

6.1

6.2

6.3

(b)  If we used standard table graduation, we lose one degree of freedom for each
parameter fitted, and we lose some further (indeterminate) number of degrees of
freedom because of the constraints imposed by the choice of standard table. Rather
than suggest how many, it is more important to be aware of the problem when it
comes to interpreting the result of the test. '

(¢)  If we used graphical graduation, it is very difficult to determine how many degrees
of freedom are lost. A rule of thumb sometimes used is that two or three degrees of
freedom are lost for every ten or so ages or age groups fitted, corresponding

roughly to the determination of the height, slope and (perhaps) curvature over that
section of the curve,

The second problem, already mentioned, is that the cumulative deviations test cannot be
used if the cumulative deviation is zero because of the graduation procedure.

The effect of duplicate policies

The investigations of life office mortality carried out in the UK by the CMIB have one
particular feature that affects the statistical properties of the resulting estimates: they are
based on policies and not lives. That is, instead of observing persons and recording:

ES Number of person-years observed
d, Number of deaths

I

the CMIB observe policies, and record:

E{ = Number of policy-years observed
d, Number of policies becoming claims by death.

The reasons for observing policies rather than lives are that life office record-keeping is
based on policies, and that it can be very difficult to establish when two policies are, in
fact, owned by the same person, especially if many life offices pool their data (as in the
CMIB investigations). The outcome is that we can no longer be sure that we are
observing a collection of independent claims; it is quite possible that two distinct death

claims are the result of the death of the same life. This is called the problem of duplicate
policies.

We analyse the effect of duplicates in the simplest possible setting. Suppose we observe
N lives from age x to x+1, with no censoring, new entrants or other complications. The
lives are statistically independent in the usual way, but a proportion 7, (i=1,2,3 ...) of
the N lives each own i insurance policies. Thus the total number of policies observed is
2in; N . Suppose each life dies during the year with probability g,.

I
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6.4 The problem we face is that, in a real investigation, we only know that we observe 2im;N
[}

policies; the proportions m; (i = 1, 2, 3 ...) are unknown. Were we to assume that the
number of claims, C, was distributed as a Binomial(q, , Yin; N ) random variable, we
i

might be in error because of the dependencies. s

6.5 Let D; be the number of deaths among the 7,V lives each with i polices, and let C, be the
number of claims among the same lives. We can say that:

D, ~ Binomial(g,, n;N)

because we have independence of deaths. Therefore:

E[C] = E[rZC, ]
= E[‘Z:'D,- ]
= SiED,]
= é"“iqu
i
and:
Var[C] = Var[£C;]
- Va(zm,]
i
= Yi*Var[D;] (independence of deaths)
i
= ZiPmNg(1-g,).
6.6 Were we to observe an,-N independent lives (or policies) we would have:
i
E[C] = ‘Zfrt,-qu
ValCl = TimNg,(1-q,).

So, the effect of duplicate policies is to increase the variance of the number of claims, in

the ratio
2
);f ;
¥ = L
2im;
i
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This is called a variance ratio. The proportions , (i = 1, 2, 3, ...) depend on age, SO we
get a different variance ratio r, at each age.

6.7 If the variance ratios were known, we could make allowance for the increased variances in
tests of a graduation and so on. Usually they are not known for any particular
investigation, but the CMIB has carried out special investigations from time to time to
match up duplicate policies in force and hence derive estimates of r, suitable for use.

END
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