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Survival models and the life table Subject 104

UNIT 2 — SURVIVAL MODELS AND THE LIFE TABLE

Syllabus objectives (1)  Explain the concept of survival models.

I. Describe the mode] of lifetime or failure time from age x
as a random variable.

2. State the consistency condition between the random
variable representing lifetimes from different ages.

3. Define the distribution and density functions of the
random future lifetime, the survival function, the force of

mortality or hazard rate, and derive relationships between
them.

4. Define the actuarial symbols ,p. and ,q, and derive
integral formulae for them.

5. Define the curtate future lifetime from age x and state its
probability function.

6.  Define the expected value and variance of the complete
and curtate expected future lifetimes and derive
expressions for them. Define the symbols e, and é, and
derive an approximate relation between them.

(viii) Define simple assurance and annuity contracts, and develop
formulae for the means and variances of the present values of

the payments under these contracts, assuming constant
deterministic interest.

2. Define the following probabilities: nim@x > nie

(ix) Compute expected present values and variances of simple
benefits by table look-up or by using life tables.

L. Describe the life table functions /. and d_ .

2. Express the following life table probabilities in terms of

the functions in 1.; aPxs> s s nim Gy -
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1 A simple model of survival (Model 1)

11 The starting point for a simple mathematical model of survival is the observation that the
future lifetime of a person (called a “life” in actuarial work} is not known in advance.
Further, we observe that lifetimes range from 0 to in excess of 100 years. A natural
assumption therefore is that the future lifetime of a given life is a random variable.

1.2 Assumption
The future lifetime of a new-born person is a random variable, denoted T, which is
continuously distributed on an interval [0, ®] where 0 < ® < oo,

1.3 The maximum age o is called the limiting age. Typical values of o for practical work are
in the range 100-120. The possibility of survival beyond age o is excluded by the model
for convenience and simplicity.

1.4 Definition

F(n)y=P[T<{]
is the distribution function of T.
S()=P[T>t]=1-F3)
is the survival function of T.

1.5 We often need to deal with ages greater than zero. To meet this need, we define T, to be
the future lifetime after age x, of a life who survives to age x, for 0 <x < @. Note that
TO = T.

1.6 Definition

F()=P[T, <] (0=sx<w)
is the distribution function of T,.
S(=P[T,>t]=1-F() (0<x<w)
is the survival function of T, .
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1.7 For consistency with T, the distribution function of random variable T, (0 < x < ®) must
satisfy the following relationships

F()=P[T,<f] =P[T<x+t|T>x]
o B+ =F()
S(x)
1.8 We now introduce the notation used by actuaries for probabilities of death and survival.
Define
r"?x = Fx(t)
and
(P =1=,9,=51).
It is convenient in much actuarial work to use a time unit of one year. When this is the
case, so that £ = 1, we omit the prefix “/” from these symbols. That is, we define
9 =19«
and
Pr =10
q.and g, are called rates of mortality.

1.9 A quantity which plays a central réle in a survival model is the force of mortality (which
is more widely known as the hazard rate in statistics). We denote the force of mortality at
age x (0 <x <o) by p,, and define it as

o
g, = lim —x P[TSx+h|T>x].
0" h
We will always suppose that the limit exists.

1.10 The interpretation of p_ is very important. The probability P[T <x + h |T> x] is (from the
definitions above) F,(h) =, q.. For small h, we can ignore the limit and write

hdx = h. Hy -
[n other words, the probability of death in a small time 4 after age x is roughly
proportional to A, the constant of proportionality being ..
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1.11
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Forx=0and > 0, we could define the force of mortality p1_,, in two ways:

(1) pxﬂ=!Iirr{1”l><P[T£x+r+h|T>x+fJ .
T—> 1
1

@) p, = Jim - PIT, <t +h|T, >1].

Itis an easy exercise to show from the definitions that these are equal. We will often use
My, forafixedagexand 0 << —x.

The definition of S (¢) leads to an important relationship.
Sy =P[T,>1{]
=PF>x4+1 | T

_ P[T>x+1]
P[T>x]

S(x+1)
S(x)

which can be expressed as

- x+tPo

xPo

1Px

in actuarial notation. Therefore, for any age x and for s > 0, £ > 0.

— x+s+1 Po

xPo

s+t Px

=1 x+sP0 w XS+ Po
xPo x+sP0

T 5P X t Prss
Similarly, ., p, = ,p. X Pos,.

[n words, the probability of surviving for time s + ¢ after age x is given by multiplying
(i) the probability of surviving for time s and (ii) the probability of then surviving for a
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further time ¢, or by multiplying (i) the probability of surviving for time ¢ and (ii) the
probability of then surviving for a further time s.

1.13 The distribution function of T is F(z), by definition. We also want to know its probability

density function or p.d.f. Denote this by £.(¢), and recall that f (1) = % F (1)
dt

Then

d
L) = Z P[T,<1]

Il

lim L X (P[T,<t+h] - P[T <))
h—0* A

P[Tsx+r+h]T>x]—P[TSx+tlT>x]

= lim
h=0* h

= Ton P[T<x+1¢ +h]—P{Tsx]~(P[T£x+t]—+ P[T < x])
h—0* S(x)x h

m P[T<x+t+h]- P[T<x+1]
h-0* S(x)xh

Now multiply and divide by S(x + 1) and we have

1) = Mx lim L P(T<x+1+h)- P[T<x+(]
S(x) h->0* h S(x+1)

= 8.(¢) x lim lP[T£x+r+;‘;*JT>x~H]
h—0* h

= Sx(t) X p’;ﬁ—g‘

or, in actuarial notation, for a fixed age x between 0 and ©

T = B, 0<r<w-x)

This is one of the most important results concerning survival models.
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1.14 To summarise the model we have introduced: T is the (random) future lifetime after age
x; it is by assumption a continuous random variable taking values in [0, ® — x]; its
distribution function is F(¢) = + 9, and its probability density‘ function is £ ()= p, Fhigys

The force of mortality is interpreted by the approximate relationship ,q = h . I,
(for small h).

The survival functions S,(¢) or , p, satisfy the relationship P ig Pt Pioes = 1 B 5 Py FOF
anys>0,¢>0.

1.15 g, is called an initial rate of mortality, because it is the probability that a life alive at age x

(the initial time) dies before age x + 1. An alternative often used (especially in
demography) is the central rate of mortality, denoted m, and defined as

1 .
Io !xﬂ' dt Iérpx dt

m,

This represents the probability that a life alive between ages x and x + 1 dies; the

denominator j’éfpx dt is interpreted as the expected amount of time spent alive between

ages x and x + | by a life alive at age x.

m, is useful when the aim is to project numbers of deaths, given the number of lives alive

in age groups; this is one of the basic components of a population projection, and in
practice the age groups used are often broader than one year, (so the definition of m, has to
be suitably adjusted).

Historically, m, was estimated by statistics of the form

Number of deaths
Total time spent alive and at risk

called “occurrence-exposure rates”. More recently, these statistics have been used to
estimate the force of mortality rather than m,, because in that context they have a solid
basis in terms of a probabilistic model. However, if I is a constant, p1, between ages x
and x + 1, then:
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1
q, I(}rpx pdt

my == i
Jurpxdr Iorpxdf

so there is still a close connection.
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Complete and curtate expectation of life

The complete expectation of life at age x is defined as E[T_‘.]

lifetime after age x. It is denoted &, . :

, that is, the expected future

By definition

w-x

X = .[ L. .r.lux )ux-h‘ d[
0

(=]

@

w=x

0
- J !(_Bgfpx)dl
0

w=-x
= —lt.,plo"+ [ ,p.d (Integrating by parts)
0

O-x

= I (Pydt
0

To define the curtate expectation of life, we first need to define the curtate future lifetime
of a life age x.

Define
K, = [T,]

where the square brackets denote the integer part. In words, K, is equal to T, rounded
down to the integer below.

Clearly K. is a discrete random variable, taking values on the integers
0,1,2,..[0-x].
Its probability distribution is €asy to write down using the definitions of Section 1.
PIK,=k] = Plk<T,<k+1]
= Pk<T,<k+1] )
T kPx- Grik
Note that switching the inequalities at step (*) requires an assumption about T, which we

have not made before. It is enough to suppose that (¢) is continuous in £. We will not
discuss this further here.
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2.3 We now define the curtate expectation of life, denoted e,, by
e, = E[K]

X

Then

[(I)—I}

€ = 2 ik kPx - Gyevk
k=0

= 1Py q.r+I
TP G2t 2P Geir

T3l Ge3 b 3P i3 T3P Gois

+

[m—x][m—x]
= N X jPx x4 (summing columns)
k=1 j=k

fo-s]

= z .{-px
k=1

24 We have two simple formulae

w-x

[ pedt
0

o

[(L! ‘—I]
b

kP
k=1

They are related by the approximate equation
€, = e+ Y

To see this, define J_ =T, - K, to be the random lifetime after the highest integer age to
which a life age x survives.

Approximately, E[J.] =1, but E[T,)=E[J,]+E[K]so €, = e, + Y as stated.

Unit 2, Page 8 © Faculty and Institute of Actuaries
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2.5 It is easy to write down the variances of the complete and curtate future lifetimes:
w—=x 2 02
Var[T,] = [ ¢ (PxHyyp—€y

0

[o=d]_» 2
Var{K.l‘] = kz() k kPx 9ysk —€x

but these do not simplify neatly as the expected values do.

2.6 Expectation of life is often used as a measure of the standard of living and health care in a
given country.

3 Some important formulae

3.1 In this section we give two important formulae, one for 19, and one for ,p.. The first
follows from the result that £,(z) = Ty L

G =F() =] f(s)ds

O -

!
= J sPx yts ds..
0

This formulae is easy to interpret. For each time s, between 0 and t, the integrand is the
product of (i)  p,, the probability of surviving to age x+s, and (11) Wy - ds, which is
approximately , g, ., the probability of dying just after age x+s. Since it is impossible to

die at more than one time, we simply add up, or in the limit integrate, all these mutually
exclusive probabilities.

3.2 The formula for ,p, follows from the solution of the following equation:

5] 0
a Py = _-(3; s9x :_-f;(s):_'.spx Hyss

(you will see why we have used s as the variable in a moment). To solve this, note that

o P
o AL SEx
— log ,p,= &
s sPx
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so that the above equation can be rewritten as

a —
_a; I()g sPr = 7 Ky

Hence

] a !
I_ IOg sPx ds = "qu+s ds+c
00s 0
where c is some constant of integration. The left hand side is

[log ;p Jo=log,p,  (since yp, = 1)

so taking exponentials of both sides gives
{
(Pe=expl— [y, st
0

Now since  p, = 1, we must have ¢ = 0, so finally

¢
1Py = EXp {"“’-xﬂ ds}.
0

3.3 To summarise, we have derived the following very important results.
{
(9x = [ sPrbyisds
0
!
(Px = €Xp {—I Foxes ds
0
4 The life table
4.1 [n actuarial applications, we carry out many calculations using the probabilities (P, and
(9 SO it is useful to have some way of tabulating these functions, say for integer values of
¢ and x. However, this would result in very large tables. The life table is a device for
calculating all such probabilities from a smaller table, one whose entries depend on age
only. The key to the definition of a life table is the relationship
t+5Px = (Px spxﬂ = sPx (Prvs-
Unit 2, Page 10 © Faculty and Institute of Actuaries
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4.2

4.3

4.4

4.5

4.6

4.7

4.8

4.9
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Choose a starting age, which will be the lowest age in the table. We denote this lowest age
o. This choice of a will often depend on the data which were available; for example in
studies of pensioners’ mortality it is unusual to observe anyone younger than (say) 50, so

50 might be a suitable choice for o in a life table which is*to represent pensioners’
mortality.

Choose an arbitrary positive number and denote it [ We call [, the radix of the life table.
It is convenient to interpret /, as being the number of lives starting out at age ot in a
homogeneous population, but the mathematics does not depend on this interpretation.

For a<x<w , define the function [, by

[=1

x (44 S I—&p(l
We suppose that the probabilities x-aPq are all known. Obviously, l,=0.

Now we see that, for a.<x<w® and fort>0,

_t+r—apa l

Pe
: X-o p(l lﬂ'.

Hence, if we know the function [ for o<x<w , we can find any probability , p, or ,q,.

The function /_ is called the life table. It depends on age only, so it is more easily

tabulated than the probabilities which we need in calculations, although the importance of
this has diminished with the widespread use of computers.

If we interpret /, to be the number of lives known to be alive at age a (in which case it has

to be an integer) then we can interpret /_ (x > o) as the expected number of those lives
who survive to age x.

A life table is sometimes given a deterministic interpretation. That is, 1, is interpreted as
above, and . (x>a)is interpreted as the number of lives who will survive to age x, as if
this were a fixed quantity. Then the symbol ,p =1, /I is taken to be the proportion of

the /_ lives alive at age x who survive to age x + 1. This is the so-called “deterministic

model of mortality”. It is not such a fruitful approach as the stochastic model which we
have outlined, and we will not use it. In particular, while it is useful in computing
quantities like premium rates, it is of no use when we must analyse mortality data.

We now introduce a further life table function d,. For a<x<a — 1, define

d_r: gx_ [,r+ |
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We interpret d, as the expected number of /, lives alive at age o who die between age x
and age x+1. Note that

-
*
o
]
o)
-
- .
- om

I, 1
g =l py= ==t

I 1. 1

|

It is trivial to see that

vy

do+dg +..+d, =1 -1

X xtn

|

and that (if x and ® are integers)

dx + d.ﬁ-] o P d(o—l = JrJr .

-

410 It is usual to tabulate values of /, and d_ at integer ages, and often other functions such as
x x gerag
K Py or g, as well. For an example, see the English Life Table No. 12 (Males) in the
“Formulae and Tables for Actuarial Examinations”. The following is an extract from that

table. ' i
Age I, d, . q. B
0 100,000 2,449 0.02449.
1 97,551 153 0.00210  0.00157
2 97,398 96  0.00134  0.00099
3 97,302 67  0.00079  0.00069 f
4 97,235 60  0.00063  0.00062
5 97,175 55 0.00059  0.00057

(No value is given for p, because of the difficulty of calculating a reasonable estimate
from observed data.) It is easy to check the relationships

B N O

e =

2 A
| |
N
i--.

N W
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4.11 Notice that > g, at all ages in this part of the table. At some higher ages it is found that
K, <q,. In fact, since
l L}
B = [l
0
we see that if ,p_ .., is increasing for 0<s<1,
I
qy = jr.p.r Hats ar > 0Px Hyt0=Hy
0
while if  p, p.,, is decreasing for 0<r<]
|
9o = JiPxMendt < opyigio=py
0
[t is therefore of interest to note the behaviour of the function Pebes for0<t<o —x
(recall that this function is the density of T,). Figure 6 shows ,p, 1, (i.. the density of
T =T,) for the AM80 Ultimate Mortality Table. It has the following features, which are
typical of life tables based on human mortality in modern times.
E 4
. M M s M 160 120
Ao
Figure 6
Jo(D) =, py 1, (AM80 Ultimate Mortality Table)
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